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Problem 1

For X and Y path connected, show that m, (X xY) 2 7, (X) x m,(Y).

Proof. The universal property of products states that amap f: 7 — X x Y is
uniquely determined by two maps f; : Z — X and f> : Z — Y. In particular,
f(z) = (fi(2), f2(2)) and f; = p; o f for i € {1,2}, where p; and po are the
projections X x Y — X|Y.

Following this observation (and using the same notation), we define a function
Gt (X X Y) = mp(X) x m,(Y) by Gu([f]) = ([f1],[f2]). We must check
several details: that (, is well-defined, that ¢, is a group homomorphism, and
that ¢, is a bijection.

To start, suppose f, g are homotopic maps S™ — X x Y, related by a homotopy
h:S8"xI— X xY. We claim that for i € {1,2}, the map h; is a homotopy
between f; and g;; this claim says that (, is well-defined. h; is continuous
because it is a composition of continuous functions, namely p; and h. Indeed,
we have

hi(s,0) = pi(h(s,0)) = pi(f(s)) = fi(s),
hi(s, 1) = pi(h(s; 1)) = pi(9(s)) = gi(s)-
Thus, ¢, is well-defined.

Now consider a sum (or composition if n = 1, but I will stick to using sum and
swear to not use abelianicity) of two maps f,g: S™ — X xY. We want to show

that G ([f + g]) = Cu([f]) + Callg)), Le. [pio (f +9)] = [fi] + [gi] for i € {1,2}.
In fact, it suffices to show that p; o (f +¢g) = f; + ¢;- To see this, we expand the



definitions (and replace S™ by I"™/9I"™):

f(2813527"'75n) Slgé
+ S1y.-.,8p) =
(f g)( ! ) {9(281 - 1a527' . '7871) S1 > %
_ (f1(2$1,82,...,Sn),f2(251,82,...,Sn)) S1 S
(91(281 - 1782, BRI Sn)792(251 - 1; 52, - . '7sn)) 51 2

(SN I SIS

(pz(f + g))(sh . _7Sn) _ {fi(231782, .. .,sn) S1

9i(251 — 1,52,...,8,) 51

=fi+ g

IV IA

Thus, [pio (f +9)] = [fi + 9i] = [fi] + [9:] as desired.

Since (,, is a homomorphism, we can show that it is injective by showing that
it has trivial kernel. To that end, suppose (,([f]) = ([e1], [c2]), where each ¢; is
a constant map; ([e1], [e2]) is the identity in 7, (X) X 7,(Y). In particular, we
have that f; ~ ¢; for each i. Let h; be a homotopy from f; to ¢;. Let h be the
map determined by h; and he, i.e. h(s,t) = (hi(s,t), ha(s,t)). By the universal
property of products, h is continuous. We claim that h is a homotopy between
f and the constant map c(s) = (¢1(s), ca(s)). Indeed,

h(s,0) = (hi(s,0), h2(s,0)) = (f1(s), f2(s)) = f(s),
h(s,1) = (h1(s,1), h2(s,1)) = (e1(s), c2(8)) = ¢(s).
Thus [f] is the identity in 7, (X x Y), so (, is injective.
Finally, let ([f1],[f2]) € mn(X) x mo(Y). Let f be the map determined by f;

and fo. By definition, ¢, ([f]) = ([f1],[f2]), so ¢, is surjective. This concludes
the proof that ¢, is a group isomorphism 7, (X x Y) = 7,(X) x 7,(Y).

As an aside, we note that the above proof can be modified very slightly to show
that 7, ([[,, Xa) = [[,, 7n(Xa) for any family of path connected spaces X,. [



Problem 2

Show that the long exact homotopy sequences of a based pair is natural with
respect to continuous maps of based pairs.

Proof. Let f : (X,A,29) — (Y,B,yo) be a map of based pairs. We take for
granted the fact that f induces functions f. : m,(X, A,20) — 7Y, B,y0), and
that for n > 2 they are homomorphisms — a claim without proof on Hatcher page
344. For notational clarity, we will use g : (X,z9) — (Y,y0) and h : (A4, z9) —
(B,yo) for the based maps coming from f. We have the following diagram
(which only makes sense as drawn for n > 1, but the proof of commutativity
for each square works when the corresponding square is drawn):
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We wish to show that each square in this diagram commutes. First, let [k] €
(A, 20). Then g,iX[k] = [g o™ o k] and i)Y h.[k] = [i¥ o hok]. But we have
g (K(5))) = g(k(s)) = F(K(s), using k(s) € X, and i (h(k(s))) = h(k(s)) =
f(k(s)), using k(s) € A. Thus goi¥ ok = i¥ ohok, so the first square commutes.

The second square is similar. Let [k] € m,(X,z0). Then f,jX[k] = [f o jX o k]
and j) g.[k] = [j* o g o k]l. We have f(j%(k(s))) = f(k(s)) and j¥ (g(k(s))) =
g(k(s)) = f(k(s)), so the second square commutes.

Let [k] € 7,(X, A, z0). Then h.0X[k] = [h o kls] and 0¥ f.[k] = [(f o k)|s],
where | means restriction to the appropriate boundary; for instance, if k :
(D™, 8" 1 s9) = (X, A, z0), then kg : (S 1, 80) = (A, 70). We have h(k|o(s)) =
h(k(s)) = f(k(s)), using definition of restriction and that k(s) € A. We also
have (f o k)|a(s) = f(k(s)) by definition. Thus, the third square commutes.

Since each of the three squares shown above commute, and since they represent
all possible squares in the diagram between the long exact sequences, the long
exact sequence is natural. O



Problem 3

(1) Let n > 2. Suppose a sum f +' g of maps f,g : (I",0I") — (X,x0) is
defined using a coordinate of I™ other than the first coordinate as in the usual
sum f 4 g. Verify the formula (f +¢g) +' (h+ k) = (f+ h) + (¢ +' k) and
deduce that f +'k ~ f 4+ k so the two sums agree on m, (X, z¢), and also that
g+ h ~ h+ g, so the addition is abelian.

(2) Show that if ¢ : X — Y is a homotopy equivalence, then the induced
homomorphisms ¢, : 7, (X, 29) = 7 (Y, &(z¢)) are isomorphisms for all n.

Proof. (1) For the first assertion, we expand and simplify definitions:
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We make two observations. First, f +' g is well-defined up to homotopy, i.e. if
f~fand g ~ ¢, then f+' g~ f'+'¢g’; the proof is no different than the proof
for f + g (up to changing some notation). Second, if ¢ : (I",0I™) — (X, xo) is
the constant map, then f+'c ~ f ~ ¢+’ f for any map f: (I",0I") — (X, x0);
once again, the proof is no different in this case.

We use these observations as follows. Starting from the equation (f+g)+' (h+
k) = (f+ h)+ (g4 k), set g and h to be the constant map c. Since ¢ is a
homotopy identity for + and +’, the left-hand side is homotopic to f +' k, and
the right-hand side is homotopic to f 4+ k. We have used that + and 4+ are
well-defined up to homotopy to deduce, for instance, (f +c¢)+' (c+ k) ~ f+'k
from f+c~ f and ¢+ k ~ k. Since we have one map which is homotopic to
two others, those two are homotopic; f +' k ~ f + k.

We can use the exact same reasoning to show that +’ is abelian up to homotopy,
i.e. by replacing f and k by the constant map ¢ (which I assume is Hatcher’s



intended solution). Alternatively, we have f +' g ~ f+ g ~g+ f ~ g+ f,
using that + and + agree up to homotopy and that + is abelian up to homotopy.

(2) Let ¢ be a homotopy inverse to . It is mentioned in Hatcher page 342
that homotopic maps induce the same homomorphisms on homotopy groups.
In particular, ¥ o ¢ and ¢ o ¢ induce the same homomorphisms as the identity
maps idx : X — X and idy : Y — Y, respectively. Furthermore, the induced
homomorphism of a composition of maps is the composition of induced homo-
morphisms: (1) 0 ), = 1, 0 @, and (¢ 0 1)) = s 0 1,. Thus, to show ¢, is an
isomorphism, it suffices to show that idx (and by symmetry, idy ) induces the
identity automorphism. We only need to expand the definitions to see why this
is true:

(idx)«[f] = [idx o f] = [f],
since idy o f = f. U



Problem 4

Show that the long exact homotopy sequence of the based pair (X, A, zg) is
exact at m, (A, xg) for n > 2.

Proof. Consider the setup:
To1 (X, A, m0) 2 w0 (A, 20) 5 70 (X, o).

Exactness of this sequence is equivalent to the following statement: Given
k:(S™ s0) — (A, ), iok is nullhomotopic if and only if k ~ k|gn for some & :
(D" 8™ s0) — (X, A, z0). In fact, an a priori stronger statement is true: iok
is nullhomotopic if and only if k = k|gn for some k : (D11, 87 s5) — (X, A, 20).
In fact, A is irrelevant here; we will show that a map & : (S™,s0) = (X, z0) is
nullhomotopic if and only if it extends to a map k : (D", s9) — (X, ). This
result can then be applied to 7 o k in the original notation.

Suppose k is nullhomotopic via a homotopy h, with h(s,1) = k(s). Since h is
constant on S™ x {0}, we get a well-defined map h : S x I/S" x {0} — X
induced by h. Note that h(sg,1) = h(so,1) = k(so) = xo, so h is a based map
(8™ x I/S5™ % {0}, (s0,1)) = (X, zp). Furthermore, (S™ x I/S™ x {0}, (s0,1)) =
(D" s0), with S™ x {1} being identified with D!, Thus, h determines
a based map k : (D"t!s9) — (X, ). For any s € D", we have k(s) =
h(s,1) = h(s,1) = k(s). Therefore, k extends k.

Conversely, suppose k can be extended to k. Furthermore, assume that S™
and D™*! are given as the unit sphere and unit ball in R**! respectively, with
so = (0,...,0,1). Define h : S x I — X by h(s,r) = k((1 — 7)so + rs).
This is continuous since it is a composition of continuous maps, with the inner
map being continuous by standard arguments for the topological vector space
structure on R™ . We have h(s,0) = k(so) = c(s), where ¢ : (5™, s9) = (X, z0)
is the constant map. We also have h(s,1) = k(s) = k(s). Thus h is a homotopy
between k and ¢, showing k is nullhomotopic as desired. O



