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1 Problem 1

For f € M, let s be the measure ps(A) = [, fdu. Show that for all g € M
we have [ gdus = [ fgdpu.

Proof. First we consider when g is a simple function: g = > ; CiXE, for some
partition E; of X. Then [ gdpy = doicibg(E) =225¢ ij fdpw=73%,¢ J fxedp=
1, eixs,)dp = [ fgdp.

Now, [gduy = sup{[edus | 0 < ¢ < g, simple} = sup{[ fodu | 0 <
v < g, simple}. If {v,}, is a sequence of simple functions which monotone
converges to g, then fy,, — fg monotone as well, since f is non-negative. By
the monotone convergence theorem, f fonduy — f fgdu. Furthermore, this
convergence is monotone increasing. We also have [ fodu < [ fgdu for all 0 <
¢ < g, so that [ fgdu is an upper bound for {[ fedu | 0 < ¢ < g, ¢ simple}.
Thus sup{ [ fedu | 0 < ¢ < g, simple} = [ fgdu, so [gdus = [ fgdu. O



2 Problem 2

Let f € My and assume that [ fdu < co. Let € > 0. Show that there exists
A € Asuch that pu(A) < oo and [, fdu > [ fdu —e.

Proof. Let E, = f~*([-n,n]). Then the E, are an increasing sequence with
limit X. For all n, fxg, < f,so [ fxe,du < [ fdu. The integral on the left
is also equal to fE fdu. Since B, C Epq1, we have fxg, < fxg,,,- Thus, by
the MCT, lim,, [ fxg,di — [ fdu. Since the sequence of integrals is bounded
above by [ fdpu, there is some N such that for alln > N, [ fxg,dp > [ fdu—e.
Thus E,, is a set with finite measure satisfying | g, Jduw= [ fxg,dp> [ fdu—
€. 0



3 Problem 3

Let f : [0,1] — [0, o0) be continuous on (0, 1]. Assume further that lim,_,o+ f(x) =
oo and that the improper Riemann integral fol f(z)dz exists. Show that f is
Lebesgue integrable on [0, 1] and that f[o y faA = fol f(z)dx.

Proof. For a simple function ¢ with 0 < ¢ < f, we have f[o ) PdA = fol pdr <

fol fdx. Thus fol fdz is an upper bound for { [ ¢dX | 0 < ¢ < f, ¢ simple}, so
f is Lebesgue integrable.
Let n be a positive integer. Let ; = j/n for j = 0,1,...,n. Let m; =

. 1 .
infoelz; 2,0 f(2). Then [ fdr =lim, 1 Z?:l m;. Let ¢, = Z?:l M X2y 1 ]
This is a sequence of simple functions which increases monotone to f. Thus

limy,— 00 f[O,l] PndX = f[o,” fdx. But f[O,l] PndX = Z;;l mj(x; — xj_1) =
%Z?Zl m;, so we have fol fdz = limy, o0 = Soiymy = limg, o f[o,l] ondA\ =
Jiom JX. 0



4 Problem 4

For each part, check whether the limit exists, and if so, find the value.
a) limy, 00 fln(l — 2)dw.

Proof. We can compute [;"(1—2)"dx by takingu = 1— 2, giving —n flo_l udu =

=45 (0— (1 = &)™*h), which converges to e !. O

b) lim,, oo f7(1 — £)"da.

Proof. Computing the integral, we get =% ((—1)"*"—(1—- L)n+1), which doesn’t

converge, since it tends to alternate between e ' — 1 and e™! + 1. O



