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1 Problem 1

Let f: X - Rand M > 0. Let fy(z) = f(z) for z € f~Y([-M,M)),
fu(x) =M for x € f~1([M,]), and fas(x) = —M for z € f~1([—o0, —M]).
(a) Show that fj; is measurable.

Proof. Let E = f~Y([-M,M]),F = f~*((M,0]),G = f~!(Joo, —M)). Each of
these sets is measurable since f is measurable. Then fy = fxe+Mxr—Mxa,
where xg denotes the indicator of S. FEach x function in this expression is
measurable since each set is measurable. Sums and products of measurable
functions are measurable, so f; is measurable. O

(b) Show that as M — oo, fuy(x) — f(z) pointwise.

Proof. Let x € X. If f(x) € [-M, M], then for all M’ > M, f(z) € [-M', M.
In particular, fas(x) = f(z) implies far (z) = f(x) for all M' > M.

Suppose f(z) < oo take M = f(x), so f(x) € [-M, M], so for all M’ > M,
fur(z) = f(x). Since f(z) is finite, this shows fy(z) — f(x).

Now, if f(x) = o0, then fas(x) = £M for all M > 0. But M — oo implies
fu(z) =+M — oo = f(x), as desired. O



2 Problem 2

Let f:[0,1] — R be defined by f(z) = zsin(¥) for x € (0,1] and f(0) = 0.
Show f is not of bounded variation.

Proof. Note that for z, = %ﬂ, fzn) = (=1)"x,. Then |f(xni1) — f(zn)] =
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as n — 00, since the terms of the series approach %, implying that it will grow

as the harmonic series. Then taking the partitions {0, zy,...,x1,1} for larger

and larger n implies that f(x) is not of bounded variation, since the variation

on these partitions tends to oo. O




3 Problem 3

Fora e R and E C R, let aF = {ax | z € E}. Let \o(E) = A(aF), where A is
the Lebesgue measure on R. Show that A, = |a|A.

Proof. If E = |J,1; is a disjoint union of intervals, then aE = | J;aI; is a disjoint
union of the intervals al;. Thus A(aF) = ¥;A(ad;). It suffices to show that
Aa = |a|A on intervals.

If a =0, then aF = {0} so Ao (E) = A({0}) =0 = |a|A(E).

If @ > 0, then a(a,b] = (aa,ab], so Ay((a,b]) = A((aa,ad]) = ab — aa =
a(b—a) = |aj\((a, b]).

If @ < 0, then a(a,b] = [ab,aa), so Ay((a,b]) = A([ab,aa)) = aa — ab =
—a(b—a) = |a|A\((a,b]). O



