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For the problems 1.1 1-3, let A be a subring of the integral domain B, with
B integral over A.

1 Problem 1.11

Suppose B is a field, and let a € A be non-zero. Then a~! € B, so there is an
equation
()" + e 1@ 4 Fea =0

with all the ¢; € A. Prove that a~! € A, so that A is a field.
Proof. Multiplying both sides by a™ gives
14 cp_1a+ ... +c1a™ 4+ cpa™ = 0.

Rearranging gives

—1
1=—cp_1a— ... —cpa" = a(—cp_1 — ... —coa" ),
S0
at=—chq1—..—coa™ L,
which is an algebraic expression in A. Thus a~! € A. O



2 Problem 1.1 2

Now assume A is a field, and let b € B be non-zero. Then A[b] is a finite-
dimensional vector space over A. Let f be the A-linear transformation f(z) = bz
for z € A[b]. Show that f is injective.

Proof. Suppose f(z) =bz =0. z € Ab] C B, and B is an integral domain, so
either b =0 or z = 0. b was chosen to be non-zero, so z = 0. Thus ker(f) = 0,
so f is injective. O



3 Problem 1.1 3

Show that f as defined before is surjective as well, and conclude B is a field.

Proof. Since B is integral over A, let b +a,_1b" "' +... +a1b+ap = 0, with all
the a; € A. Then {1,b,...,b" "1} is a basis for A[b]. Let ¢, _1b" "1 +...4+¢co € A[b)].
Since A is a field, ay ' exists in A. Let

z = —coaalbn_l + (en-1 — coan,laal)b"_2 + ..+ (1 — coalagl).
Then
bz = —coaalb" + (ep—1 — coan_laal)bnfl... + (e1 — coalaal)b
= —coagl(—an,lb"_l —.—ab—ag)+ ...+ (c1 — coalaal)b

= Cn_lbnil + ...+ c1b+ co.

Thus f is surjective. However, 1 € A[b], so that there is a unique z € A[b] such
that f(z) = bz =1, so that z = b~!, so B is a field. O



4 Problem 1.2 1

Let M be a maximal ideal of R, and assume that for every x € M, 1 + x is a
unit. Prove that R is a local ring.

Proof. Let * € R\ M. The ideal generated by z and M contains M, but
must be larger than M since z ¢ M. Since M is maximal, this means = and
M generate R. Thus 1 = ax + m for some m € M and some a € R. Then
ax =1 — m is a unit by hypothesis. Then x is also a unit, since there is some
b € R such that abx = 1. Thus, M consists of all the non-units in R. Any
proper ideal does not contain units, and is therefore contained in M, so M is
the unique maximal ideal in R. Thus R is a local ring. U



5 Problem 1.2 2

Show that if p is prime and n is a positive integer, then Z/p"Z is a local ring
with maximal ideal (p).

Proof. In 7Z/p"7Z, the units are elements coprime to p™. Then the non-units are
multiples of p, so (p) is the set of non-units in Z/p"Z. Therefore, it is the unique
maximal ideal, since every proper ideal in a ring must be contained in the set
of non-units. O



6 Problem 1.2 3

For any field k, let R be the ring of rational functions f/g with f, g € k[X1, ..., X;,]
and g(a) # 0 where a is a fixed point in k™. Show that R is a local ring and
identify the maximal ideal.

Proof. Note that for f/g € R to be a unit, the one condition that must be
satisfied is that the inverse g/f has f(a) # 0. Therefore, the set of non-units
consists of f/g where f(a) = 0. This is in fact an ideal, since if f1/g1 and fa/g2
are two functions which vanish at a, then fi(a)g2(a) + f2(a)gi(a) =040 =0,
so the set is additively closed, and further, if f/g € R, then f(a)fi(a) =

ff1/(gg1) is also in this set. Since the set of non-units is an ideal, it is maximal,
since any proper ideal is contained in the set of non-units. This also shows that
this maximal ideal is unique, since any other maximal ideal would be contained
in it. Thus, R is a local ring with the maximal ideal consisting of rational
functions vanishing at a € k™. O



