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1 Setup for Problems 18.3.16 and 18.3.17

Let F be the field of algebraic numbers. Let G be a finite group. Let ¢ : G —
GL,,(F) be any representation with character 1. Let o € Aut(F/Q). The map
©? : G = GL,,(F) is defined by applying o to the entries of matrices in the
image.

2 Problem 18.3.16

Prove that ¢ is a representation. Prove also that the character of 7 is o o ).

Proof. Let g,h € G. Then the i,j entry of ¢7(gh), denoted 7 (gh);j, is
a(p (gh)u) by definition. We know that ¢(gh) = ¢(g9)p(h), so ¢(gh)i; =
Y rw(@(9)ikp(h)kj). Then

07 (gh)ij = oD _(p(9)iwe(h)k;)) = Z(O(@(g)m)a(w(h)kj))
k
Z zk(p )
k

Thus ¢7(gh) = ¢?(g)¢° (h), as desired. For the character, we see that the trace
of p7(g) is

Z‘P Z )ii) —UZSD )ii) = o((9)),

7

so that the character of ¢ is indeed o o ). O



3 Problem 18.3.17

Prove that ¢ is irreducible if and only if ¢ is irreducible.

Proof. Recall that a representation is irreducible iff its character has norm 1.
If G has r conjugacy classes of size dy, ..., d, with representatives g1, ..., g.-, then
we can write the norm squared of a character 1 as ﬁ S (di(gi)b (g h)).
As we saw from the previous problem, the character of ¢ is ¢ o t. Thus the
norm squared is

ﬁ D_(dio(b(g)o(ig ") = o <|61;| Z(diw@i)wgﬂ))) :

using the fact that o is a field automorphism which fixes Q. Furthermore, since
o fixes Q, we see that the norm squared of o o % is 1 iff the norm squared of 1
is 1, which is equivalent to the statement of the problem. O



4 Problem 19.1.6

Calculate the character table of As.

Proof. We begin by stating (without proof) that the conjugacy classes of As are
given by representatives 1, (123), (12)(34), (12345), (21345), with corresponding
sizes 1,20, 15,12, 12. We then have five irreducible characters, starting with the
trivial character ;.

It is actually possible to determine the degrees of the other characters, as fol-
lows. We know that the degrees are divisors of |A5| = 60 and that the sum of
their squares is |As| = 60. One of the degrees is 1, so we have four divisors of 60,
say 2 < a < b < ¢ < d, which satisfy a? + b4 ¢? +d? = 59. Clearly d < v/59, so
the biggest possible value is d = 6. We then get a? 4+ b? 4 c? = 23. The biggest
possible value of ¢ is 4, which leads to a? + > = 7. This clearly has no solu-
tions. Moving down to ¢ = 3 gives a? +b? = 14, which has no solutions. Moving
to ¢ < 2 gives a2 +b% > 19, but a®+b? < 2¢? < 8. Thus d = 6 gives no solutions.

The next biggest possibility is d = 5. This will end up giving a solution, so let
us first rule out d < 4. For d = 4 we have a? + b? + ¢ = 43. The biggest choice
of ¢ is 4, giving a® + b?> = 27, which quickly can be seen to have no solution.
For ¢ < 3, we have a2 + b? > 34, but a® + b < 2¢? < 18. Thus d = 4 does not
work. For d < 3, we have a? 4+ b% + ¢ > 50, but a? + b? + ¢ < 3d? < 27. Thus
there are no solutions for d < 4.

Let us return to d = 5. We have a? + b2 + ¢ = 34. For ¢ < 3, we have
a? + b% > 25, but a® + b? < 2¢? < 18. Thus the only option is ¢ = 4, for which
a? 4+ b?> = 18. Then the only option is @ = b = 3. It is very important to
note that we have gotten the only possible integer solution to four divisors of
60 whose sum of squares gives 59. These must be the degrees of our irreducible
representations. We therefore have the information in Table 1.

Perhaps this was overkill, but now we now what to look for. Consider the char-
acter table of Sy in Dummit and Foote Section 19.1. The character xs from that
table (which we will call x4 to avoid confusion) restricts to a character x reading
4,1,0,—1,—1. Recall that a character is irreducible iff its norm (squared) is 1.
Using this, we can check that this x is irreducible, and so is our y4. Indeed,

1
(6 X) = %(1-4%20.12+15-02+12-(—1)2+12-(—1)2) =1.
Thus we have the information in Table 2.
The exact same argument proceeds to show that the character xj of S5 restricts

to an irreducible degree 5 character of As. It reads 5,—1,1,0,0, and we can
use inner product computation to show that it is irreducible. This gives us our



character ys, so we have the information in Table 3.

Now, let us restrict the remaining character x4 of S5. We get a character x of
As reading 6,0, —2, 1, 1. This is not irreducible; its norm squared is 2. However,
this implies it is a sum of two distinct irreducibles. In particular, by looking at
its degree, we see that it is either x1+ x5 or x2+x3. We can rule out the first case
by showing that (x, x1) = 0, which is a direct computation. Thus x3 + x3 reads
6,0,—2,1,1. Let x2 read 3,w,x,y, 2. Then x3 reads 3, —w, -2 —z,1 —y,1 — z.
We have the information in Table 4.

We know (x2,x1) = (x2,x4) = (X2, x5) = 0. This gives the equations

3420w + 15z + 12y 4+ 122 = 0,
12 + 20w — 12y — 122 = 0,
15 — 20w 4 15z = 0.

Adding the first two equations gives 15 + 40w + 152 = 0, so comparing to the
third equation gives w = 0. Plugging this back in gives = —1 and y + z = 1.
Thus we have the information in Table 5.

All that remains is to compute y. Orthonormality (x2,x2) = 1 tells us that
lyl> + |1 — y|*> = 3, and if we knew that y € R, we could conclude. It is possible
to deduce y € R. Recall x(g) = x(g~!) for arbitrary character y of any group. If
we can show that (12345)~! is conjugate to (12345) in As, then we can conclude

that ¥ = y, so that y is real. Indeed, we have
(12345)71 = (15432) = (25)(34)(12345)(25)(34),
so y is real. Thus y? + (1 — y)? = 3 is a quadratic equation that gives two
1+5
2

we take as y, due to the symmetry in our table. Thus, taking y to be the positive
solution, we have the completed character table of As in Table 6. O

. Since the two solutions add to 1, it doesn’t matter which

solutions y =



| class | 1| (123) | (1 :\(12345 ) | (21345) |
[ size | 1]20 [15 | 12 | 12 \
[xa 1]t f1 E E |
[xe |3]7 |7 7 7 |
[xs 317 |7 7 |7 |
[xa [4]7 |7 7 7 |
[ |5]7 |7 7 7 |
Table 2:
| class | 1| (123) | (12)(34) | (12345) | (21345) |
[ size | 1]20 [15 | 12 | 12 \
a1t 1 E E |
[xe |3]7 |7 7 7 |
[xs |3]7 |7 |7 7 |
[xa [4]1 JO R
[ |5]7 |7 7 7 |
Table 3:
| class | 1| (123) | (12)(34) | (12345) | (21345) |
[ size | 1]20 [15 | 12 | 12 \
a1t 1 1 |1 |
[xe |3]7 |7 7 7 |
[xs |3]7 |7 7 |7 |
[xa [4]1 JO R
[ |5]-1 |1 [0 [0 |




Table 4:
| class | 1| (123) | (12)(34) | (12345) | (21345) |
[ size | 1]20 [15 | 12 | 12 \
a1t |1 E |1 |
[x2 [3]w |= |y | = |
[xs [3]-w |-2-a [1-y [1-2 |
[xa [4]1 JO R
[xs |5]-1 |1 [0 [0 |

Table 5:
| class | 1| (123) | (12)(34) | (12345) | (21345) |
[ size [1]20 |15 | 12 | 12 |
[xa 1]t f1 E E |
x> [3]0 |-t K [1-y |
[xs [3]0 |-1 [1-y v |
| xa |41 | 0 -1 -1 |
[xs |5]-1 |1 [0 [0 |

Table 6:
| class | 1| (123) | (12)(34) | (12345) | (21345) |
[ size | 1]20 [15 | 12 | 12 \
a1t 1 |1 |1 |
e [3fo [ [ [58
[xs |3lo | [55 [52
[xa [4]1 |0 -+
[xs |5]-1 |1 [0 [0 |




5 Problem 19.1.7

Show that Sg has an irreducible character of degree 5.

Proof. As usual, we have a character of Sg given by the action of Sg on a
6 element set. Also, as usual, it is the sum of the trivial character and an
irreducible character, as we will show below. The conjugacy classes of Sg are
given by the cycle types, which correspond to the partitions of 6. There are 11
of these, with representatives

1,(12), (123), (1234), (12345), (123456), (12)(34),
(12)(34)(56), (123)(45), (123)(456), (1234)(56).

The corresponding sizes of the conjugacy classes can be computed via the follow-
ing combinatorial formula (from planetmath.org/conjugacyclassesinthesymmetricgroupsn):
consider a cycle type and let mg,...,m, be the distinct lengths of cycles ap-
pearing in it. Let k; be the number of cycles of length m; in the given cycle

type. Then the size of the conjugacy class corresponding to the cycle type is
6!

Hz(kz'mf)

Se (in order of the cycle types I wrote above):

. Using this formula, we compute the sizes of conjugacy classes in

1,15,40, 90, 144, 120, 45,
15,120, 40, 90.

We must also compute the character on each conjugacy class. This is given by
the number of fixed points of each representative (i.e. the number of length 1
cycles in the cycle type), and given as follows:

6,4,3,2,1,0,2,
0,1,0,0.

Now, we subtract the trivial character, giving a character with values

5,3,2,1,0,—1,1,
~1,0,—1,—1.

We may compute the norm squared of this character via the formula 7710 leil di|x(9:))?,
where d; is the size of the ith conjugacy class, and g; is a representative for the
1th conjugacy class. Doing so gives 1. A character is irreducible iff its norm
(squared) is 1, so we have that this character is irreducible. Furthermore, the
degree of a character can be seen as its output on the trivial conjugacy class,
which in our case is 5. Thus, we have demonstrated an irreducible character of
S¢ with degree 5. O



6 Problem 19.1.8

Calculate the character table of Dqg.

Proof. Recall Dyg = (r,s | 7% = s = srsr = e). Also recall that the elements
can be written uniquely in the form s'r for i € {0,1} and j € {0,1,2,3,4}. The
conjugacy classes are {e}, {r,r*}, {r?, 73}, and {s, sr, sr%, sr3, sr*}. Thus, there
will be four irreducible characters. We obviously have the trivial character to
start. Recall that the sum of the squares of the degrees of the irreducible repre-
sentations equals the order of the group, and that each degree is a divisor of the
order of the group. Then we have three divisors of 10, say a < b < ¢, satisfying
a? +b% +c? =9. It is clear that the only possibility is a = 1,b = 2, ¢ = 2, since
¢ > 3 forces a and b to be non-positive. Thus we have the information in Table 6.

Let us determine what the second degree 1 character, xs, is. The element r is
represented by a complex number satisfying z° = 1, and s is represented by a
complex number satisfying 4> = 1. Furthermore, the group relation srsr = e
implies that yryzr = 1, so 22 = 1. If 22 = 2° = 1, then z = 1. Thus r must
act trivially. This determines y2(r), x2(72). So far, x2 looks exactly like x;.
Therefore, the only way to make a different representation is to require that s
does not act trivially. The only other option is s = —1, so x2(s) = —1. Thus
we have the information in Table 6.

To get information on ys, we apply the orthogonality relations (xs3,x1) =0 =
(x3, X2) to get 2 + 2x3(r) + 2x3(r?) & 5x3(s) = 0. Thus we see x3(s) = 0 and
x3(r) + x3(r?) = —1. Note also that the exact same equations hold for 4. Let
x3(r) = X and x3(r) = Y. Using column orthogonality for columns e and r,
we have 1 +1+2X +2Y =0,s0 Y = —1 — X. Thus, we have the information
in Table 6.

It remains to determine X. Orthonormality (xs, x3) = 1 tells us that [X[* +]—
1 — X|? = 3. We can deduce that X is real. Indeed, X = x3(r) = x3(r7!) =
x3(rt) = x3(r) = X, since {r,r} is a conjugacy class in D1g. Thus X2+ (—1—

—-1++5

-1, it doesn’t matter which one we take as X, thanks to the inherent symmetry
between x3 and y4. Thus we take the positive solution. The completed character
table is in Table 6. O

X)? = 3, which gives two solutions X = . Since the solutions add to



Table 7:

| class | e | r || s |
[size |1]2]2 |5
[ [ 1]1]1 |1
[ xe [1]7]7 |7]
[ xs [2]?]7 |7]

[ xa [2]7]7 | 7]
Table 8:
‘class‘e‘r‘ﬂ‘s‘
[size |1]2]2 |5 |
[ [1]1]1 1]

[ xa [1[1]1 [-1]

[ xs [2[?]7 7]

[ xa [2]72]7 7]
Table 9:
‘Class‘e‘r ‘7’2 ‘s‘
| size | 1]2 | 2 |5 |
[xa 1] |1 |1 ]
e [1]1 |1 | -1
s 2] X | -1-X [0 |
o |2[ XX 0]
Table 10:
‘Class‘e‘r ‘rg ‘s‘
| size |12 | 2 EN
[xi [1]1 |1 [ 1]
[ xe |1]1 |1 -1 |
[xs |2 =55 ] =55 o |
[xa |2 =58 =15 o |




