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1 Problem 9.4
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a) Show that if x — 0 along either the z1- or zs-coordinate axis, f(x) — 0.

Let f: E? — R by the formula f(x) = if x # 0, and f(0) =0.

Proof. Along the zq-coordinate axis, we have x = (z1,0), so that f(x) =
2
-0
h = 0. Thus f(x) — 0 as z; — 0.
2.
Along the x2-coordinate axis, we have x = (0, z2), so that f(x) = (;14_79622 =
T3

0. Thus f(x) — 0 as 9 — 0.

b) Show that if x — 0 along any straight line x5 = kz; through the origin,
f(x) = 0.
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Proof. Let x = k ith k # 0, so that =1 = .
roof. Let x = (z1, xl)vz ) # 0 sothat f) = or e T @ e
Then as 1 — 0, f(x) — WZO. [

¢) Show that limyx_,o f(x) does not exist.
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Proof. Let x = (x1,23%). Then f(x) = f1x14 = —. Thus as z; — 0, f(x) —
r] + 7] 2
1
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d) Does limy_,, f(x) exist? Prove your conclusion.
Proof. limy_, f(x) does not exist. By the above parts, we see that if x — oo
on either of the coordinate axes, then f(x) — 0. However, on the parabola

1
Ty = 2%, f(x)—)a. O



2 Problem 9.5
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Let f : E? — R by the formula f(x) = if x # 0 and f(0) = 0. Prove

that limy_,o f(x) = 0.

Proof. Let € > 0. Let ||x|| < e, so that in particular |z1| < ||x|| < e. Now
2

v+ 22 > 22 s0 f(z) < x1:§2 = z1. Thus whenever x < ¢, |f(z)| < |71] < e.
3

Therefore limy_,¢ f(x) = 0. O




