
MATH 4035 Homework 11

Andrea Bourque

October 2020

1 Problem 10.45

Suppose that T ∈ L(Em,Ep) and that f : En → Em is differentiable.
a) Prove that T ◦ f is differentiable at each x ∈ En and that (T ◦ f)′(x) =

T ◦ f ′(x).

Proof. By exercise 10.30, T is differentiable. Thus by theorem 10.3.1, T ◦ f is
differentiable. The derivative of T at all points is T , so (T ◦ f)′(x) = T ◦ f ′(x)
by theorem 10.3.1.

b) If a ∈ Em is a constant vector, prove that (a · f)′(x) exists and equals
a · f ′(x).

Proof. The mapping x 7→ a · x is linear and therefore differentiable. By the
preceding work, (a · f)′(x) = a · f ′(x).
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2 Problem 10.50

Suppose that f ′(x) exists and that ||f ′(x)|| is bounded on a convex set D ⊆ En,
where f : D → Em. Prove that f is uniformly continuous on D.

Proof. By the hypotheses, we can apply the Mean Value Theorem, so that
||f(x) − f(y)|| ≤ M ||x − y||, where M = supx∈D ||f ′(x)||. Let ε > 0. Then let
δ = ε/M . Thus when ||x− y|| < δ, ||f(x)− f(y)|| < Mδ = ε.
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3 Problem 10.52

Suppose f ′(x) exists for all x in a nonempty open set D ⊆ En, where f : D →
Em.

a) Suppose D is convex. If f ′(x) = 0, prove that f is constant.

Proof. Notice that supx∈D ||f ′(x)|| = 0. Thus by the Mean Value Theorem,
||f(x)− f(y)|| ≤ 0 for all x,y ∈ D. Since the norm is a non-negative mapping,
this implies f(x) = f(y) for all x,y ∈ D.

b) Suppose that D is connected, but not necessarily convex. If f ′(x) = 0,
prove that f is constant.

Proof. Let x ∈ D. D is open, so there is an r > 0 such that Br(x) ⊆ D. Br(x)
is convex, so by the preceding part f is constant on this ball. Let c ∈ Em.
If f−1(c) is empty, then it is open. Otherwise, let x ∈ f−1(c). Then there is
an r > 0 such that f is constant on Br(x). Since x ∈ Br(x) and f(x) = c,
Br(x) ⊆ f−1(c). Thus, f−1(c) is open. D is connected and therefore cannot be
expressed as the disjoint union of non-empty open sets. For c1 6= c2, f−1(c1)
is disjoint to f−1(c2). Since these sets are open, it follows that D = f−1(c) for
some c; that is, f is constant.
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